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Quasidilaton massive gravity is an extension of massive General Relativity to a theory with
additional scale invariance and approximate internal Galilean symmetry. The theory has a novel
self-accelerated solution with the metric indistinguishable (in the decoupling limit) from the de
Sitter space, its curvature set by the graviton mass. The spectra of tensor, vector, and scalar
perturbations on this solution contain neither ghosts, nor gradient instabilities or superluminal
modes, for a range of the parameter space. This represents an example of a self-accelerated solution
with viable perturbations, attainable within a low energy effective field theory.
Introduction and Summary: Both the existence
and the magnitude of late-time cosmic acceleration could
be hinting to a modification of gravity at cosmological
distances. Of such modifications, massive gravity is ar-
guably one of the best motivated. While the Fierz-Pauli
(FP) action [1] gives the unique theory of a free spin-2
state of mass m > 0, generalization to a nonlinear the-
ory has proven to be hard due to the emergence of the
Boulware-Deser (BD) ghost [2]. A special set of the gravi-
ton mass and nonlinear potential terms proposed in [3, 4]
(referred to as the dRGT terms) eliminates the BD ghost,
as shown perturbatively to the quartic order in [4], and
to all orders in the unitary gauge [5], and beyond [6]. The
resulting quantum theory can be viewed as an effective
field theory with the (Minkowski-space) strong coupling
scale given by Λ3 = (MPlm
2)1/3 [7].
Massive gravity possesses the self-accelerated (de Sit-
ter) vacua with curvature ∼ m2 [8–10]. Unfortunately,
kinetic terms of either scalar or vector perturbations van-
ish on the selfaccelerated backgrounds [8, 11]1. A way out
might be to promote the graviton mass to a dynamical
field that gives rise to a new nonlinearly realized global
symmetry, as well as an approximate internal Galilean in-
variance [12]. This extension, dubbed quasidilaton mas-
sive gravity (QMG), retains freedom from the BD ghost.
A special class of selfaccelerated solutions of QMG found
in [12], suffer from a major problem: one of the perturba-
tions of the theory necessarily flips the sign of its kinetic
term on these backgrounds [13, 14]. In addition, the scale
of time variation of the quasidilaton field on these special
solutions is much higher than the strong coupling scale,√
MPlm Λ3 [14], making them vulnerable to unknown
high-energy physics (i.e., the special solutions cannot be
obtained in the decoupling limit [12, 14]). QMG has been
recently extended by De Felice and Mukohyama [15] by
derivative operators consistent with the scale symmetry;
these have an effect of flipping the sign of the wrong ki-
netic term back to normal, hence solving the major prob-
lem. While certainly an important proof of a concept, the
De Felice-Mukohyama approach does still leave the issue
of UV sensitivity open [14]. The purpose of this letter
is to present novel selfaccelerated solutions in QMG with
viable perturbations, all attainable within the low energy
field theory.
The theory and its decoupling limit: We work in
the decoupling limit (DL), defined as MPl → ∞, m →
0, Λ3 = fixed. The theory then captures physics at dis-
tances ranging from Λ−13 ∼ 1000 km, all the way up to
(almost) m−1 ∼ H−10 ∼ 1023 km (see, e.g. [8, 10])2.
The relevant dynamical degrees of freedom that en-
ter into the QMG action in the DL are the helicity-2
(h
µν
), helicity-1 (Aµ) and helicity-0 (pi) states of the
massive graviton, as well as the quasidilaton field σ.
With the recent developments, a closed-form expression
for the vector-scalar interactions can be obtained by us-
ing a non-dynamical antisymmetric tensor B
µν
[19, 20].
The matrix of the helicity-0 second derivatives is de-
noted by Π
µν
= ∂µ∂νpi. The ordered index contrac-
tions on the epsilon symbols will be implied3; for ex-
ample, εµ1µ2µ3µ4ε
ν1ν2µ3µ4Πµ1ν1Π
µ2
ν2 ≡ εεΠΠ, as well as
εµµ2µ3µ4ε
νν2ν3µ4Πµ2ν2Π
µ3
ν3 ≡ εµενΠΠ, with an obvious
generalization to terms with a different number of Π’s.
The placement of indices should be treated with care
for expressions involving the auxiliary tensor Bµν , its
square (B2)µν = B
µ
αB
α
ν , and (the first derivative of)
the vector helicity ∂µA
ν . For example, εεB∂A denotes
εµ1µ2µ3µ4ε
ν1ν2µ3µ4Bµ1ν1∂ν2A
µ2 . With these conventions,
and setting Λ3 = 1, the Lagrangian describing the decou-
pling limit of QMG without a potential can be obtained
and is written as follows:
1 Despite of there being no reason why these kinetic terms would
not be generated quantum mechanically - e.g. via matter loops
- their vanishing at the classical level could be discouraging.
2 Under certain meaningful assumptions about the UV completion,
the distance scale Λ−13 can be significantly reduced for realistic
astrophysical backgrounds [16–18].
3 We use the mostly plus signature and all indices are manipulated
by the flat metric ηµν and its inverse. The Levi-Civita symbol,
εµναβ , is normalized so that ε0123 = 1.
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2LDL = −1
2
hµν
(
Eˆh
)
µν
+ hµν
[
−1
2
εµενΠ + a2εµενΠΠ + a3εµενΠΠΠ
]
+
1
MPl
hµνTµν −
1
4
[
2εεBB + (4− 8a2)εεBBΠ
− 4(a2 + 3a3)εεBBΠΠ + 2εεB2Π− 4a2εεB2ΠΠ− 4a3εεB2ΠΠΠ + 4εεB∂A− 16a2εεB∂AΠ− 24a3εεB∂AΠΠ
]
− ω∂µσ∂µσ + σ
[
εεΠ− 2(a2 + 1)εεΠΠ + 2
3
(4a2 − 3a3 + 2)εεΠΠΠ− 1
3
(2a2 − 6a3 + 1)εεΠΠΠΠ
]
. (1)
Here Eˆ is the Einstein operator, and a2,3 and ω are
free parameters of the theory. The pi-h interactions are
those of pure massive gravity [3], while the σ − pi in-
teractions are (bi-) Galieons [16]. The action is invari-
ant under U(1) gauge transformations, Aµ → Aµ + ∂µα.
The external stress-tensor couples to the helicity-2 field
h
µν
, and the latter determines geodesics of ordinary
matter. We will be interested in self-accelerated back-
grounds (Tµν = 0) with the Hubble constant H; for
these h¯µν = −(H2x2/2)ηµν and p¯i = qx2/2 (q = const),
while the solution for σ can in general take the form
σ¯ = (−q0t2+q1x2)/2. We will focus on the solution with
B¯µν = 0, A¯µ = 0. Then, the equations for the helicity-2,
quasidilaton, and the helicity-0 fields give respectively
H2 − 2q
(
−1
2
+ a2q + a3q
2
)
= 0 , (2)
(2a2 − 6a3 + 1)q4 − 2(4a2 − 3a3 + 2)q3 + 6(a2 + 1)q2 − 3q + ω
4
qt = 0 , (3)
H2
(
3a3q
2 + 2a2q − 1
2
)
+ qt
[
q3
(
2
3
a2 − 2a3 + 1
3
)
− q2
(
2a2 − 3
2
a3 + 1
)
+ q(a2 + 1)− 1
4
]
= 0 , (4)
where qt ≡ q0 + 3q1, and q0 and q1 enter only via qt,
meaning that σ can be shifted by a zero mode of the
d’Alambertian, σ → σ − αt2 + βx2, α + 3β = 0, with-
out changing the background. Below we will work with
qt and q1; the former is determined from the equations,
while q1 is a free ’flat direction’. Nevertheless, q1 will
affect perturbations, considerably expanding the accept-
able parameter space. The equations are all linear in qt
and H2, therefore these can be expressed in terms of q
via (4) and (2) to obtain an algebraic master equation
for q from (3). The resulting equation is of the seventh
order and in general not soluble analytically.
Perturbations: We start with the vector perturba-
tions of (1). Recalling that ∂µ∂ν p¯i = qηµν and expanding
the epsilon symbols, one finds
LV = Q1BµνBµν +Q2BµνF µν ,
where Q2 = Q1/(q − 1) = 6a3q2 + 4a2q − 1. In the ab-
sence of the quasidilaton, the pi-equation of motion ob-
tained from (4) by setting qt = 0, implies that Q1,2 = 0,
leading to infinitely strong coupling of the vector pertur-
bations [8]. In QMG however, pi-equation is modified by
extra terms and no longer leads to this issue: one gets
dynamical and weakly coupled (in the infrared) pertur-
bations, propagating at the speed of light. Integrating
out the Bµν field, the following necessary and sufficient
condition for the absence of vector ghosts is obtained
Q1 = (q − 1)(6a3q2 + 4a2q − 1) > 0 . (5)
The scalar perturbations are described by the following
Lagrangian
Ls = A1δp˙i2 −A2(∂iδpi)2 +B1δp˙iδσ˙ −B2∂iδpi∂iδσ
+ C1δσ˙
2 − C2(∂iδσ)2 , (6)
where the coefficients (A,B,C) are given as follows:
A1 = 6H
2(3a3q + a2) + 6c
2
+12q1
[
(2a2 − 6a3 + 1)q2 + (3a3 − 4a2 − 2)q + a2 + 1
]
,
A2 = 6H
2(3a3q + a2) + 6c
2 + 4(qt − q1)
×
[
(2a2 − 6a3 + 1)q2 + (3a3 − 4a2 − 2)q + a2 + 1
]
,
B1 = B2 = 8(2a2 − 6a3 + 1)q3 − 12(4a2 − 3a3 + 2)q2
+24(a2 + 1)q − 6 , C1 = C2 = ω . (7)
For a Lorentz-invariant quasidilaton profile with q1 = q0,
one gets A1 = A2 and both scalar modes propage at the
speed of light. Relaxing this condition, as we will see
shortly, results in a deviation from unity of the speed of
sound for only one of the two modes.
3Stability and (sub)luminality: As noted above,
it is impossible to obtain the most general closed-form
analytic expressions for the viable parameter space. One
can however employ certain limits and/or numerical
study to show the existence of such. To this end, it is
simpler to trade the free parameter a2 for q, since a2 can
be algebraically expressed in terms of q, a3, qt and ω; for
any q then, one can straightforwardly find a theory with
the corresponding value of a2. We will first consider the
Lorentz-preserving case, q1 = q0 = qt/4. Expressing H
2
(via the Friedmann equation) and a2 (via the σ equa-
tion) in terms of the rest of the parameters, one finds a
quadratic equation for qt, that depends on q, a3 and ω
– the only remaining free parameters of the theory. The
necessary condition for the absence of ghosts in the scalar
sector is A1 > 0, C1 > B
2
1/(4A1). Let us concentrate on
the limit of large q. Then, one can straightforwardly find
the quadratic equation from which qt can be determined,
−4ωq4q2t + 72a3q7qt + 288a23q10 = 0 .
The two solutions are4 qt = 3a3q
3
(
3±√8ω + 9)/ω. The
second of these (featuring the ’minus’ sign) does not lead
to any acceptable parameter space, so we concentrate on
the first one. The value of a2 for this solution is
5
a2 = 3a3 − 1
2
+
3a3
(
21−√8ω + 9)
8q
+O
(
1
q2
)
,
while the (leading-order) expressions for the Hubble pa-
rameter squared and the normalization coefficient of the
vector gauge kinetic term, Q1, are H
2 = 2a3q
3, and
Q1 = 6a3q
3. Both are positive for a3q
3 > 0, leading to dS
backgrounds with ghost-free vector perturbations. With
the above expressions used, the quantities determining
stability of the scalar perturbations are then given by
A1 =
9a23q
4
(
8ω + 27 + 9
√
8ω + 9
)
2ω
,
C1 − B
2
1
4A1
= ω − 2ω(
√
8ω + 9− 3)2
8ω + 27 + 9
√
8ω + 9
. (8)
Both are positive for 0 < ω < 54. The parameter space
(for q  1) corresponding to ghost-free self-accelerated
backgrounds is therefore given by
0 < ω < 54, sgn(a3) = sgn(q) . (9)
All modes propagate at the speed of light, excluding any
gradient instabilities6. This provides an analytic proof of
4 We have assumed a3q3 > 0, since this has to be the case for a
positive H2, as shown shortly.
5 One has to retain a subleading piece for a2 due to a cancellation
of leading terms in the the expressions for perturbation coeffi-
cients A1 and B1 in (7).
6 Both the ω → 0 and ω → 54 limits give an infinitely strongly
coupled theory. To avoid this, one can use, say, 1/2 < ω < 53 .
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FIG. 1: Left: a subset of the parameter space for stable
de Sitter solutions with a Lorentz-invariant σ profile
(both scalar modes are exactly luminal). Right: the
parameter space supporting stable dS backgrounds with
q1 = 3q0/2. One of the scalars is strictly subluminal.
the existence of fully stable dS backgrounds for large q.
The latter here is parametrically greater than unity (say,
q ∼ 10) due to the arrangement between a2,3, while the
solution itself belongs to the low energy field theory, as
it is obtained in the decoupling limit. A numerical anal-
ysis shows the existence of stable self-acceleerated vacua
for intermediate values of q as well. One representative
subset of the allowed parameter space is given in the left
panel of Fig.1 (note that the allowed space does not ex-
tend to |q| ∼ 0; instabilities appear for |q|  1). On these
plots we used ω = 1. The colored region corresponds to
one corner of the full parameter space for which the con-
ditions of absence of the ghosts, gradient instabilities and
superluminal propagation are all satisfied.
We have also explicitly checked the case q1 6= q0;
the stable de Sitter vacua are retained: the two speeds
of sound of the scalar modes in this case are c2s =(
x±
√
x2 − 4yz
)
/2y , where x = 4A1C2 + 4A2C1 −
2B1B2, y = 4A1C1 − B21 , and z = 4A2C2 − B22 . Using
the expressions in (7), we conclude that one of the scalar
modes always propagates at the speed of light, while
there is a parameter space for which the second mode
is subluminal: for instance, setting q1 = 3q0/2 results in
a broad parameter range consistent with the ”no ghosts”
and ”no gradient instability” conditions, with one of the
scalars strictly subluminal (the other one being luminal).
A representative part of the latter parameter space is
shown in the right panel of Fig.1.
Discussion and outlook: The obtained solutions
should have their counterparts in the full QMG the-
ory, beyond the decoupling limit. From our results it
follows that the full QMG solutions should not have
any ghost instabilities, and if there is any tachyon in-
stability, it can only be very slow, with the time scale
m−1 ∼ H−10 ∼ 14 × 109 years. The full QMG solutions
should turn into those of pure massive gravity as ω is
taken to infinity. While the DL solutions discussed here
4are homogeneous and isotropic, they are such due to the
diff invariance for hµν , and Galilean invariance for ei-
ther pi or σ. The Galilean invariance, being exact in the
DL, is only an approximate symmetry in the full theory.
Therefore, the full theory solutions are likely to be only
approximately homogeneous and isotropic; this is similar
to pure massive gravity where such metrics approximate
well the standard homogeneous and isotropic evolution
[10], when the Vainshtein mechanism is at work7. Since
our theory is that of special bi-Galileons, the Vainshtein
mechanism is expected to work for a large domain of the
parameter space. Moreover, the Higuchi problem need
not arise as the Stu¨eckelberg fields are necessarily inho-
mogeneous/anisotropic. We will report on this in [22].
One may wonder whether quantum corrections can
modify the classical picture given above - e.g. alter the vi-
able parameter space given in Fig. 1. The answer is likely
to be negative, due to the non-renormalization properties
of Galileons [23], dRGT massive gravity [7], and related
theories; these results can be summarized in the follow-
ing statement: None of the couplings in the Lagrangian
(1) runs with energy below the scale Λ3 in the decou-
pling limit. Terms with at least two derivatives per field
can certainly be generated via quantum loops, however
they do not contribute to the equations of motion on the
backgrounds considered here. These non-renormalization
properties guarantee that any possible tuning of the pa-
rameters m, a2,3 and ω, is technically natural [7].
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